Introduction {#Sec1}
============

Reduction algorithms for bases of lattices play an important role in algorithmic number theory, cryptography, and integer programming; see, e.g., Nguyen and Vallée \[[@CR25]\] and the references given there.

Most existing basis reduction algorithms (see, e.g., \[[@CR9], [@CR11], [@CR12], [@CR14], [@CR18]--[@CR21], [@CR24], [@CR30]--[@CR33], [@CR36], [@CR39]\]) proceed by progressively updating the basis. These updates are derived from a Gram--Schmidt orthogonalization or QR factorization, equivalent to the Cholesky factorization of the Gram matrix. Analysing these updates, proving the polynomial complexity of the resulting algorithms, and proving bounds on the quality of the final reduced basis are nontrivial tasks.

Early work by Lagrange \[[@CR17]\] in two dimension and by Hermite \[[@CR15]\] in general dimensions culminated in the LLL algorithm by Lenstra et al. \[[@CR18]\], which produces in polynomial time in the bit size of an input basis a reduced basis whose basis vectors have bit sizes bounded by a fixed multiple of the dimension. Many variants of the original LLL algorithm exist, so we have in fact a whole class of LLL algorithms. These are characterized by working at any time on 2-dimensional projected subspaces only, and are sufficient for many applications.

Stronger basis reduction algorithms are needed in case the LLL reduced basis is still not short enough. Korkine and Zolotareff \[[@CR16]\] introduced what are today (after them and Hermite) called HKZ reduced bases with excellent theoretical properties. But their computation is feasible at present only for low-dimensional lattices (up to dimensions around 75). Thus one uses in practice block algorithms; they apply strong and expensive reduction techniques on low-dimensional projected subspaces only. Currently the best practical algorithms are the BKZ algorithm (Schnorr and Euchner \[[@CR32]\]) and the recent self-dual SDBKZ variant by Micciancio and Walter \[[@CR21]\] (called DBKZ there). On the other hand, the best theoretical guarantees for block algorithms are provided by the (at currently practical block sizes apparently inferior) slide reduction algorithm of Gama and Nguyen \[[@CR11]\].

In this paper, the approaches of Hanrot et al. \[[@CR14]\] (used also in Micciancio and Walter \[[@CR21]\]), Schnorr \[[@CR31]\], and Gama and Nguyen \[[@CR11]\] for the asymptotic worst-case analysis of LLL, BKZ, and SDBKZ are improved. The first improvement replaces the complicated dynamical system arguments of \[[@CR14]\] by simpler and sharper induction arguments on a bound on the bit sizes. The second improvement is an analysis of a greedy variant of LLL that is quasilinear in the bit sizes and has a guarantee on the approximation factor. Based on the techniques of the present paper, Neumaier and Stehlé \[[@CR23]\] present an analysis of another, recursive variant of LLL that gives the asymptotically fastest method so far.

To make the paper self-contained, we present the relevant background on lattices and basis reduction in a novel way, namely in terms of bit sizes and linear inequalities relating these. This form was inspired by Hanrot et al. \[[@CR14]\] who reduced most of the complexity analysis of basis reduction methods to a study of linear equations and inequalities. Before their work, this underlying linear structure was invisible since the analysis was---with the single exception of Schönhage \[[@CR33], Lemma 4.1\]---always done in a multiplicative way.

Basic notions {#Sec2}
=============

This section provides basic definitions together with a collection of mostly well-known results put together in a form useful for the subsequent development. In view of further applications to be reported elsewhere, some of the results are presented in slightly greater generality than needed in this paper.

The bit profile {#Sec3}
---------------
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### Proposition 2.1 {#FPar1}
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For graphical display, the bit profile $\documentclass[12pt]{minimal}
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Primal and dual reduction {#Sec4}
-------------------------
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### Proposition 2.3 {#FPar5}
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Basis quality {#Sec5}
-------------
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Block reduction {#Sec6}
===============

Limiting the size of the quality measures discussed in Sect. [2.3](#Sec5){ref-type="sec"} is a key task to be achieved by basis reduction. In particular, one would like to have small, dimension-independent bounds for the numbers in ([31](#Equ31){ref-type=""}).

The most frequently used algorithms for basis reduction are variants of the LLL algorithm of Lenstra et al. \[[@CR18]\] and the BKZ algorithm of Schnorr and Euchner \[[@CR32]\]. On the other hand, when primal or dual reductions are done for blocks of size at most *s* only (with fixed *s*), the currently best guarantees for the reduced basis are given---when *s* divides the dimension---by the slide reduction algorithm of Gama and Nguyen \[[@CR11]\]. They showed that slide reduction yields a Hermite exponent bounded by the Mordell constant $\documentclass[12pt]{minimal}
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In this section we first discuss a new greedy LLL algorithm that is quasilinear in the bit sizes (when fast integer multiplication is used) and achieves the same guarantees for the shortest vector as all LLL algorithms. Previously, the only quasilinear time LLL algorithm were those of Novocin et al. \[[@CR26]\] and Hanrot et al. \[[@CR14]\], who obtained a provable constant bound for the Hermite exponent and (in \[[@CR26]\]) for the approximation exponent.

We then introduce a simple way to analyze the self-dual SDBKZ variant of the BKZ reduction algorithm, recently introduced by Micciancio and Walter \[[@CR21]\], improving on the dynamical system technique of Hanrot et al. \[[@CR14]\]. We reprove their bound $\documentclass[12pt]{minimal}
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LLL algorithms {#Sec7}
--------------

An **LLL algorithm** is a block reduction algorithms that operates only on blocks of size 2. The acronym LLL refers to the initials of Lenstra, Lenstra and Lovász whose paper \[[@CR18]\] contains the first such algorithm in arbitrary dimension and a proof of its polynomial complexity.

### Proposition 3.1 {#FPar9}

Lagrange reduction of a block $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$B^{k:k+1}$$\end{document}$ changes the bit profile to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$g_i'$$\end{document}$ in place of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$g_i$$\end{document}$ where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$g_i'=g_i$$\end{document}$ unless $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$i=k$$\end{document}$. Moreover,(i)$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varepsilon :=g_k-g_k'$$\end{document}$ satisfies $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \Big (\frac{1}{2}c_k-\Gamma _2\Big )_+\le \varepsilon \le c_k, \end{aligned}$$\end{document}$$ where $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} c_k:=2g_k-g_{k-1}-g_{k+1}=e_k-e_{k+1}. \end{aligned}$$\end{document}$$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$a_+:=\max (a,0)$$\end{document}$ denotes the positive part of a real number *a*.(ii)For any $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$m, \displaystyle \max _{\ell \le m}e_\ell $$\end{document}$ cannot increase and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\displaystyle \min _{\ell \le m}e_\ell $$\end{document}$ cannot decrease. In particular, the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$g_k$$\end{document}$ remain bounded from below.

### Proof {#FPar10}
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The first part of (ii) is an observation of Lenstra et al. \[[@CR18], argument leading to (1.30)\] that follows directly from ([13](#Equ13){ref-type=""}). If $\documentclass[12pt]{minimal}
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A possible measure of the quality of a Lagrange reduction step is the amount $\documentclass[12pt]{minimal}
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### Theorem 3.1 {#FPar11}
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### Proof {#FPar12}
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Greedy LLL algorithms {#Sec8}
---------------------

To turn the general recipe into an efficient algorithm we must decide upon the order in which Lagrange steps are performed. Traditionally, these are chosen in a way determined by a fixed loop structure. In this section we consider greedy choices where in each step some utility measure is maximized. The measure in which we want to be greedy must be chosen carefully, in view of the following statement by Lovász on greediness in basis reduction: *"It seemed that the less greedy you were, the better it worked. So I only swapped neighboring vectors and only swapped when you really made progress by a constant factor."* (Smeets \[[@CR34], p.11\]).

Storjohann \[[@CR36], p. 13\] suggested to perform each Lagrange step on the block $\documentclass[12pt]{minimal}
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The main difficulty in the analysis is the possibility that the bit profile (which in the most typical cases has---apart from small randomly looking deviations---an essentially concave, nearly quadratic shape, reflected in a nearly monotone decreasing $\documentclass[12pt]{minimal}
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The technical obstacles can be overcome by changing the measure according to which the greedy choice is made.

A **special greedy LLL algorithm** applies Lagrange reductions always to blocks $\documentclass[12pt]{minimal}
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The potential is a convex, nonnegative function of the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$g_i$$\end{document}$. Therefore it attains its maximum at a vertex of any convex constraint set. Given only the dimension *n* and the maximal bit size $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\beta $$\end{document}$ of a basis with integral coefficients, the maximum potential with the constraints ([41](#Equ41){ref-type=""}) is attained for a profile where all $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$g_i\in \{0,i\beta _i\}$$\end{document}$. Writing $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$K:=\{i \mid g_i=0\ne g_{i-1}\}$$\end{document}$ we find that the worst case for the potential has the form $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$p=\displaystyle \sum _{i\in K} 2i(i-1)\beta _{i-1}$$\end{document}$. This is largest when $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$K=\{n,n-2,n-4,\ldots \}$$\end{document}$, leading to an initial bound of$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} p^{{{\text{ init }}}}\le p^{\max } =\left\{ \!\! \begin{array}{cc} \displaystyle \sum _{j=1}^{n/2} 4j(2j-1)\beta _{2j-1} &{} (n\, \hbox {even})\\ \displaystyle \sum _{j=1}^{(n-1)/2} 4j(2j+1)\beta _{2j} &{} (n\, \hbox {odd})\end{array}\!\!\right\} \le \frac{n(n+2)(4n+1)}{3}(\beta +O(\lg n)). \end{aligned}$$\end{document}$$The following theorem shows that a special greedy LLL algorithm has a marginally better complexity than the cyclic LLL algorithm of Hanrot et al. \[[@CR14]\], and at the same time gives stronger guarantees for the resulting reduced basis. (Hanrot et al. prove a constant bound on the Hermite exponent, but their method of analysis is unable to bound the approximation exponent.)

### Theorem 3.2 {#FPar13}
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A basis is LLL reduced in the traditional sense if the second alternative in ([45](#Equ45){ref-type=""}) holds for all *k*. This is guaranteed by our theorem only when no final $\documentclass[12pt]{minimal}
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If a basis *B* is greedy LLL reduced, the mean slope $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$a_n/(n-1)$$\end{document}$ is bounded by the dimension-independent constant $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$2\Gamma _2=2-\lg 3\approx 0.415$$\end{document}$ obtained from ([48](#Equ48){ref-type=""}). For random reduced bases, the factor is better. A Lagrange reduced and size reduced Cholesky factor $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\left( \begin{array}{cc} r_1 &{} sr_1 \\ 0 &{} r_2\end{array}\right) $$\end{document}$ has $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$r_1^2/r_2^2\le 1/(1-s^2)$$\end{document}$, hence $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$a_2=\lg (r_1^2/r_2^2)\le -\lg (1-s^2)$$\end{document}$. Thus the expectation $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\langle a_2\rangle $$\end{document}$ of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$a_2$$\end{document}$ is bounded by$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \langle a_2\rangle \le \overline{a}_2:=\langle -\lg (1-s^2)\rangle =-\langle \ln (1-s^2)\rangle /\ln 2. \end{aligned}$$\end{document}$$For example,$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \overline{a}_2=\left\{ \begin{array}{ll}\Big (2-\ln \displaystyle \frac{27}{4}\Big )/\ln 2 \approx 0.1305 &{} \hbox {if}\,\, s\ \hbox {is uniformly distributed in}\ \Big [-\displaystyle \frac{1}{2},\frac{1}{2}\Big ],\\ \Big (1+3\ln \displaystyle \frac{3}{4}\Big )/\ln 2 \approx 0.1976 &{} \hbox {if}\,\, s^2\ \hbox {is uniformly distributed in} \ \Big [0,\displaystyle \frac{1}{4}\Big ].\end{array} \right. \end{aligned}$$\end{document}$$The empirical bound 0.16 for LLL-reduced bases of random lattices, calculated from remarks in Nguyen and Stehlé \[[@CR24]\], is somewhere in between.

SDBKZ reduction {#Sec9}
---------------

In 2011, Hanrot et al. \[[@CR14]\] introduced a variant of the BKZ algorithm of Schnorr and Euchner \[[@CR32]\] that organized individual primal reduction steps into tours, in a way that the effect of a whole tour can be quantified. Hanrot et al. showed that exploiting the bit size inequalities introduced above reduces much of the complexity analysis to a study of linear equations and inequalities. Before their work, this underlying linear structure was invisible since the analysis was---with the single exception of Schönhage \[[@CR33], Lemma 4.1\]---always done in a multiplicative way.

Micciancio and Walter \[[@CR21]\] use this technique to partially analyze a self-dual variant of the BKZ algorithm called SDBKZ. In this algorithm, given some block size *s* ($\documentclass[12pt]{minimal}
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In the following, we simplify the complicated analysis of Hanrot et al. \[[@CR14]\]. In particular, we present---as conjectured in \[[@CR21]\]---a way to terminate the SDBKZ algorithm in polynomial time while essentially preserving the theoretical guarantees of the original SDBKZ. Moreover, the analysis suggests a way to skip certain reduction steps in the tours without compromising the quality of the output, thereby speeding up the algorithm.
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The following theorem implies that, when started from an LLL reduced basis, the SDBKZ algorithm comes in polynomial time arbitrarily close to satisfying $\documentclass[12pt]{minimal}
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Without compromising the complexity order, one may run the algorithm in practice for up to $\documentclass[12pt]{minimal}
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The cyclic variant of the BKZ algorithm analyzed in Hanrot et al. \[[@CR14]\] proceeds by using primal tours only, but these are extended to shorter blocks towards the end of the basis. In this case, a similar analysis works, with the same *N* but using the symmetric bit defect defined by ([57](#Equ57){ref-type=""}). The resulting new proof (whose details are left to the reader) is far simpler than that of \[[@CR14]\] and results in the same convergence rate as given above for SDBKZ, which is a factor of approximately 16 better the bound on the rate derived in \[[@CR14]\]. The final bound on $\documentclass[12pt]{minimal}
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Unfortunately, neither the above technique nor the original technique of Hanrot et al. is able to bound the approximation exponent or the enumeration exponent. In particular, unlike BKZ (where Schnorr \[[@CR30]\] gives bounds on the approximation exponent) and slide reduction, SDBKZ is (at present) not guaranteed to find a very short vector in case that $\documentclass[12pt]{minimal}
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Appendix: Hermite constants and Rankin invariants {#Sec10}
=================================================
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The best asymptotic upper bound known is (according to Conway and Sloane \[[@CR7], p.20\])$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \limsup _n \frac{\gamma _n-1}{n-1}=c<\frac{1}{9.793}. \end{aligned}$$\end{document}$$But this limiting value is approached very slowly. For small dimensions, better upper bound can be found using semidefinite programming techniques. Table [2](#Tab2){ref-type="table"} contains for dimension $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$n\le 36$$\end{document}$ the best upper bounds known (apart from rounding), computed with correct directed rounding from the data in Cohn and Elkies \[[@CR5]\]. Bounds valid for all dimensions are given in the following result.

Theorem 3.4 {#FPar17}
-----------
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Proof {#FPar18}
-----
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The lower bound in ([65](#Equ65){ref-type=""}) follows from Ball \[[@CR1]\]; note that $\documentclass[12pt]{minimal}
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For Rankin invariants, Gama et al. \[[@CR10]\] give the relation $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\gamma _{ni}=\gamma _{n,n-i}$$\end{document}$, the inequality$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \gamma _{ni}\le \gamma _{nk}^{i/k}\gamma _{ki} ~~~\text{ for } i<k<n, \end{aligned}$$\end{document}$$and the special values $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\gamma _{n1}=\gamma _n, \gamma _{nn}=1, \gamma _{42}=\frac{3}{2}$$\end{document}$. Sawatani et al. \[[@CR29]\] prove that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\gamma _{62}=3^{2/3}, \gamma _{82}=3, \gamma _{83}=\gamma _{84}=4$$\end{document}$, and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$2/\sqrt{3}\le \gamma _{63}\le \sqrt{6}, 2^{11/7}\le \gamma _{73}\le 2^{4/7}3^{2/3}$$\end{document}$.

Strictly speaking, the true bit sizes are the next largest integer of the present bit sizes. But the real-valued bit sizes introduced here are better adapted to the analysis.

Using *A*(*g*) as potential, one could proceed at first as in the proof of Theorem [3.2](#FPar13){ref-type="sec"} below. However, the difficulty is to find, after the analogue of $\documentclass[12pt]{minimal}
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